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Abstract

Here we consider the use of mixture models to account for

heterogeneity in populations undergoing life-testing under

joint progressive Type-II censoring scheme. We discuss

model formulation and maximum likelihood parameter es-

timation using the EM algorithm and study the behavior of

the estimators through a simulation study and present an

illustrative example.

1. Introduction

Here we limit ourselves to two groups and suppose that we

have two independent samples of sizes m and n that are

put on test. The study is terminated as soon as some fixed

number, r, of failures are observed, i.e. a Type-II censoring

scheme. However, to save costs this is combined with joint

progressive censoring in which at each observed failure time

a number of units is randomly withdrawn from study, joint

progressive Type-II censoring (Rasouli and Balakrishnan,

2010). We extend the model to heterogeneous groups to

account for individual frailty of the items, and using a two-

level categorical variable we have a two-component mixture

for each group (see Kuo and Peng 2011).

2. Model specification and simu-

lation study

Let X = (X1, . . . , Xm) be i.i.d. random variables follow-

ing a f (1) distribution for the lifetimes of m units and

Y = (Y1, . . . , Yn) are i.i.d. random variables following a f (2)

distribution for the group of n units. Let W1 ≤ . . . ≤ WN ,

N = m + n, denote the order statistics of the combined

set {X,Y}. Under joint progressive Type-II censoring, at

the time of the first failure (that may be from either X or

Y ), R1 units are randomly withdrawn from the remaining

N − 1 surviving units. This process is continued at each

subsequent failure time with Ri removed at the i-observed

failure. Here, the total number of observed failures r is

pre-fixed and for the removals we can write Ri = Si + Ti,

i = 1, 2, . . . , r, where Si and Ti are the number of units

withdrawn from the X and Y samples respectively. The

data will consist of (W,Z,S) where Zi is a 0/1 indicator

for Wi coming from the X population. The likelihood func-

tion of Θ given the observed data is
L(Θ|z,w, s) =

C
∏r

i=1

[
{f(1)(wi)}zi{f(2)(wi)}1−zi

]
{F (1)

(wi)}si{F
(2)

(wi)}ti

where F
(1)

= 1−F (1), F
(2)

= 1−F (2) and C is a constant.

We focus on the above setting with two different exponen-

tial populations with two different parameters and sample

sizes of m and n, respectively, under a JPTII censoring

scheme. We conduct a simulation study to evaluate the

performance of estimators and compare the average test

duration of different situations.

We now assume that each of the populations is given by a

two component mixture. Maximization of the above likeli-

hood is complicated by the presence of the mixture densities

and the survivor function for the censored observations, but

can proceed using the EM algorithm. We introduce latent

variables as component indicators for each population.

In some cases, the censored observations can be replaced

by unobserved latent variables and an extended EM algo-

rithm used, although the E-step for these censoring latent

variables can be difficult to evaluate and so a Monte Carlo

EM algorithm (MCEM) is required.

3. Application

The joint progressive censoring approach will be illus-

trated using data on the failure times of Boeing 720 air-

conditioning units from Proschan (1963).
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